564] 43 


564. 
ON A THEOREM IN ELIMINATION. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. xu. (1873), pp. 5, 6.] 


I FIND among my papers the following example of a theorem in elimination com- 
municated to me by Prof. Sylvester. Writing 


p = ax + dbary + 3cæy + dy’, 


h= bæ +2cay + dy’, 
d, = cæ +dy, 
h= d ; 
f =bæ + 3ca*y + 3day? + ey’, 
A= ca” +2day + ey’, 
Ii = dæ +ey, 
fi = ò, 


then we have 


Aa. R(f, $) =Af. R(Q, AY Rih Foy 


viz. R(f, $) is the resultant of the functions (f, $), and similarly R(¢,, fi), R(d,, fo). 
Moreover, Af is the discriminant of f; and AR (f, ¢) is the discriminant of R(f, $) 
in regard to a. The equation thus is 
Ay [(ae — 4bd + 3Y — 27 (ace — ad? — b'e — c + 2bcd)] 
| = (VE + 4bd? + 4c%e — 32d? — 6bede) (d? — 2cde + bey; 


or, what is the same thing, reversing the order of the letters (a, b, c, d, e), it is 


A, [(ae — 4bd + 3c} — 27 (ace — ad? — be — cè + 2bed)] 
= (d? + 4ac? + 4b'd — 3b’? — 6abed) (2 — 2abe + œd”, 
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viz. arranging in powers of e, the function is 
a hs 
+ 3e?. — a? (Abd — 3c?) — 9(ac — b} 
+3e. a (4bd — 3c)? + 18 (ac — b?) (ad? — 2bed + c?) 
+1 .— (Abd — 3c*)* — 27 (ad? — 2bed + c*)2, 
which last coefficient is 
= — a? (27a?d? + 54ac’ + 64b%d — 36b? — 108abcd), 
and the discriminant of this cubic function of e is 
= (ad? + 4ac + 4b'd — 3b’c? — babed} (bè — 2abe + ady. 
The occurrence of the factor 
ad? + 4a? + 4b'd — 3b°c? — babed 


is accounted for as the resultant in regard to e of the invariants J, J; we, in fact, 
have 
(ac — b?) I — aJ = (ac — b?) (— 4bd + 3c?) — a (— ad? — è + 2bed) 
= ad? + 4ac? + 4b’d — 3b*c? — babed, 


and the identity itself may be proved without any particular difficulty. 
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